$n$-level density of the low-lying zeros of quadratic Dirichlet
  $L$-functions by Gao, Peng
ar
X
iv
:0
80
6.
48
30
v1
  [
ma
th.
NT
]  
30
 Ju
n 2
00
8
n-LEVEL DENSITY OF THE LOW-LYING ZEROS OF QUADRATIC
DIRICHLET L-FUNCTIONS
PENG GAO
Abstrat. The Density Conjeture of Katz and Sarnak assoiates a lassial ompat group to
eah reasonable family of L-funtions. Under the assumption of the Generalized Riemann Hypoth-
esis, Rubinstein omputed the n-level density of low-lying zeros for the family of quadrati Dirihlet
L-funtions in the ase that the Fourier transform fˆ(u) of any test funtion f is supported in the
region
Pn
j=1 uj < 1 and showed that the result agrees with the Density Conjeture. In this paper,
we improve Rubinstein's result on omputing the n-level density for the Fourier transform fˆ(u)
being supported in the region
Pn
j=1 uj < 2.
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1. Introdution
The elebrated Riemann Hypothesis (RH) asserts that every non-trivial zero of the Riemann zeta
funtion ζ(s) is of the form ρ = 1/2 + iγ, with γ real. One possible approah towards establishing
RH was suggested by Pólya and Hilbert long time ago, who onjetured that one should nd a
Hilbert spae and a suitable linear operator ating on it whose spetrum is given by the non-trivial
zeros of ζ(s). Then depending on the properties of the operator, the zeros are fored to lie on a line.
Montgomery [15℄ initiated the study of the loal spaings of the zeros of ζ(s). Assuming RH, he
derived, under ertain restritions, the pair orrelation of the zeros of ζ(s) and made the famous pair
orrelation onjeture. His result drew the attention of Dyson, who pointed out that the eigenvalues
of Gaussian Unitary Ensemble (GUE) have the same pair orrelation as N →∞. With this insight,
Montgomery went on to onjeture (the GUE Conjeture) that all the orrelations would math up
for the zeros of ζ(s) and eigenvalues of Hermitian matries. Montgomery's pair orrelation result
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then provides the rst evidene in favor of the spetral interpretation of the zeros, suggesting that
the relevant operator might be Hermitian.
Rudnik and Sarnak [20℄ studied the distribution of zeros of general L-funtions. Aording to the
Langlands program (see [4℄ , [16℄, [10℄), all L-funtions an be written as produts of standard L-
funtions L(s, π) attahed to automorphi uspidal representations ofGLM over Q. The Generalized
Riemann Hypothesis (GRH) for L(s, π) asserts that the non-trivial zeros of L(s, π) all lie on the line
ℜs = 1/2 when properly normalized. The result of Rudnik and Sarnak [20℄ asserts that the n ≥ 2
orrelations of the zeros of L(s, π) (assuming GRH and with some restritions) are universally the
GUE ones. Their result is onrmed by the numerial work of Rumely [21℄ for Dirihlet L-funtions
and of Rubinstein [18℄ for a variety of GL2/Q L-funtions.
On the random matrix theory side, Katz and Sarnak showed [8℄ that the loal spaing statistis
for the following types of spaes are universally GUE: (speial) orthogonal SO(odd), SO(even),
(speial) unitary SU(N) and (unitary) sympleti USp(2N) groups. In ontrast to this, they also
showed that the distributions of the eigenvalues nearest to 1 is sensitive to the partiular symmetry
of the group. Based on this and studies on the funtion eld analogues, Katz and Sarnak onjeture
(the Density Conjeture, [9, p. 20℄) that to eah reasonable family F of L-funtions (by whih we
mean a olletion of geometri objets and their assoiated L-funtions, where the geometri objets
have similar properties), one an assoiate a lassial ompat group G(F) mentioned above, suh
that the behavior of zeros near the entral point s = 1/2 (the low-lying zeros) of L-funtions in
F is the same as the behavior of eigenvalues near 1 of matries in G(F). This onjeture further
suggests that in terms of the spetral interpretation, the relevant operators for L-funtions should
have some symmetry orresponding to the relevant lassial group.
The 1-level density for quadrati twists of ζ(s) was obtained by Özlük and Snyder [17℄. A stronger
result whih applies for ζ(s) as well as all L(s, π) was obtained by N. Katz and Sarnak [9℄. The
general ase n ≥ 1 was obtained by Rubinstein [19℄. Results are also obtained for a wide variety
of families of L-funtions, see [8℄, [7℄, [14℄, [5℄, [2℄ and [6℄. In all the results above, the Fourier
transforms for test funtions are assumed to be ompatly supported in ertain regions. In this
paper, we will study the n-level density of the low-lying zeros of quadrati Dirihlet L-funtions.
This family of L-funtions was studied by Rubinstein in [19℄. Our result in this paper extends the
one of Rubinstein's by enlarging the region in whih the Fourier transform for the test funtion is
supported. In the next setion, we shall give a detailed desription of the problem studied in this
paper and give an explanation on the method being used in the proof of the main result. Setion 3
will be devoted entirely for the proof of our main result of the paper.
2. Statement of the Result and Outline of the proof
In this paper, we onsider the average behavior of the low-lying non-trivial zeros of a family of
L-funtions hoping to nd evidene in favor of the Density Conjeture. We fous on the quadrati
twists of ζ(s), {L(s, χd)} as our family of L-funtions, where χd(n) = ( dn) is the Jaobi symbol. We
reall here all real (quadrati) non-prinipal haraters are of the form χd(n), where d belongs to the
set Q of quadrati disriminants, Q = {d : d is not a square and d ≡ 0 or 1 (mod 4)}. The harater
χd(n) is indued by a primitive harater χd′(n) where d
′
belongs to the set F of fundamental
disriminants, F = {d : d ≡ 1 (mod 4), d square-free } ∪ {d : 4|d, d/4 ≡ 2 or 3 (mod 4), d/4 square-
free } (see [1, 5℄).
To failitate our study, it is more onvenient to onsider the family of {L(s, χ8d)} with odd,
positive square-free d. We may thus avoid the possible impat of χ2 in our study and it follows from
the disussions in the proeeding paragraph that χ8d is a real, primitive harater with ondutor
8d and χ8d(−1) = 1. Let D denote the set of suh d's, and let D(X) = {d ∈ D : X ≤ d ≤ 2X}. It's
easy to see that the ardinality |D(X)| of D(X) is asymptotially 4X/π2. In this ase, the Density
Conjeture suggests a unitary sympleti symmetry and our main result below (Theorem 2.1 ) or
its orollary provides an evidene for it.
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Let h be a funtion on R, we say that h tends to 0 rapidly at innity (or rapidly dereasing) if for
eah positive integer m, the funtion x 7→ (1 + |x|)mh(x) is bounded for |x| suiently large. We
dene the Shwartz spae S(R) to be the set of funtions on R whih are innitely dierentiable,
and whih tend to 0 rapidly at innity, as well as their derivatives of all orders (see [11, Chap. VIII,
4℄).
Now for eah fi even and in S(R), we write
f(x1, . . . , xn) =
n∏
i=1
fi(xi),
fˆ(u1, . . . , un) =
n∏
i=1
fˆi(ui).
Throughout the paper, we assume GRH and write the non-trivial zeros of L(s, χ8d) as
1
2
+ iγ
(j)
8d , j = ±1,±2, . . . ,
where
0 ≤ γ(1)8d ≤ γ(2)8d ≤ γ(3)8d . . .
and
(2.1) γ
(−j)
8d = −γ(j)8d .
Let N(T, 8d) denote the number of γ
(j)
8d 's with |γ(j)8d | < T , then we have (see [1, 16℄) for T ≥ 2
N(T, 8d) =
T
π
log(
8dT
2π
)− T
π
+O (log T + log (8d)) .
We note here the above formula doesn't provide us muh information when T is lose to 1, sine
then the main term and the error term are of the same size. However, by taking T = 1 in N(T, 8d)
one may think that there are about log(8d)/π many zeros up to height 1 so that the mean spaing
between them is 2π/ log(8d), whih is also likely to be the height of the lowest zero. Thus by saling
bak this height to 1, and note that d is of size X, we are then interested in studying the asymptoti
behavior of
lim
X→∞
π2
4X
∑
d∈D(X)
∑
j1,...,jn
∗
f(Lγ
(j1)
8d , Lγ
(j2)
8d , . . . , Lγ
(jn)
8d )
with L = logX/(2π) and
∑∗
j1,··· ,jn
is over jk = ±1,±2, . . . , with jk1 6= ±jk2 if k1 6= k2. Note that
sine f is rapidly dereasing, only the low-lying zeros ontribute to the sums above. The Density
Conjeture predits that
(2.2) lim
X→∞
π2
4X
∑
d∈D(X)
∑
j1,...,jn
∗
f(Lγ
(j1)
8d , Lγ
(j2)
8d , . . . , Lγ
(jn)
8d ) =
∫
Rn
f(x)W
(n)
USp
(x)dx,
where
W
(n)
USp
(x1, . . . , xn) = det(K−1(xj, xk))1≤j≤n
1≤k≤n
,
and
K−1(x, y) =
sin(π(x− y))
x− y −
sin(π(x+ y))
x+ y
.
Rubinstein [19, Theorem 3.1℄ has shown that (2.2) holds for fˆ(u1, . . . , un) being supported in the
region
∑n
i=1 |ui| < 1. Presumably, (2.2) also holds for f being ompatly supported (by the Density
Conjeture). However, sine f and fˆ an't both be ompatly supported, we an't approximate
a ompatly supported funtion by funtions with ompatly supported Fourier transforms. Thus
one needs to prove (2.2) for the support of fˆ being as large as possible. The main result in this
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paper is an evaluation of the left-hand side of (2.2) for fˆ supported in
∑n
i=1 |ui| < 2, whih is given
in the following:
Theorem 2.1. Assume GRH and assume in (2.2) that eah fi is even and in S(R) and fˆ is
supported in
∑n
i=1 |ui| < 2. Then
lim
X→∞
π2
4X
∑
d∈D(X)
∑
j1,...,jn
∗
f(Lγ
(j1)
8d , Lγ
(j2)
8d , . . . , Lγ
(jn)
8d )(2.3)
=
∑
F
(−2)n−ν(F )

ν(F )∏
l=1
(|Fl| − 1)!

∑
S
(∏
l∈Sc
∫
R
Fl (x) dx
)
·
∑
S2⊆S

(−1
2
)|Sc
2
| ∏
l∈Sc
2
∫
R
Fˆl(u)du


·

(1 + (−1)|S2|
2
)
2
|S2|
2
∑
(A;B)
|S2|/2∏
i=1
∫
R
|ui|Fˆai(ui)Fˆbi(ui)dui
−1
2
∑
S3(S2
|S3| even
2
|S3|
2

∑
(C;D)
|S3|/2∏
i=1
∫
R
|ui|Fˆci (ui) Fˆdi (ui) dui


·
∑
I(Sc
3
(−1)|I|(−2)|Sc3|
∏
i∈I
∫ ∞
0
Fˆi(ui)dui
∫
(R≥0)
Ic
P
i∈I ui≤
P
i∈Ic ui−1
∏
i∈Ic
Fˆi(ui)dui

 ,
where F ranges over all ways of deomposing {1, . . . , n} into disjoint subsets {F1, . . . , Fν(F )} with
(2.4) Fl(x) =
∏
i∈Fl
fi(x),
S ranges over all 2ν(F ) subsets of {1, 2, . . . , ν(F )} and Sc denotes the omplement of S. Here∑
(A;B) is over all ways of pairing up the elements of S2 and
∑
(C;D) is over all ways of pairing up
the elements of S3. Empty produts are taken to be 1.
Unfortunately, we are not able to show the above result mathes with the right-hand side of (2.2)
in general. In the ase of n ≤ 3, one an show by diret omputation that our result above does
math with the right-hand side of (2.2). As the proof is not partiularly enlightening, we shall omit
it here by stating the following result and refer the interested reader to [3℄ for the proof:
Corollary 2.2. Assume GRH. For n ≤ 3, equality holds in (2.2) if eah fi is even and in S(R)
and fˆi is supported in
∑n
i=1 |ui| < 2.
We note here one an also hek that Theorem 2.1 implies Rubinstein's result.
2.1. Outline of the Proof of Theorem 2.1. Our approah of proving Theorem 2.1 relies on the
following expliit formula, whih essentially onverts the sum over zeros of the L-funtion to the
sum over primes, the one we use here follows from [20, (2.16)℄:
Lemma 2.3. Let h be a funtion on R with hˆ smooth and ompatly supported. Then
(2.5)
∑
j
h(Lγ
(j)
8d ) =
∫ ∞
−∞
h(t)dt − 1
2
∫ ∞
−∞
hˆ(u)du− S(d,X; hˆ) +O( log logX
logX
),
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with the impliit onstant depending on h and
S(d,X; hˆ) =
1
logX
∑
p
log p√
p
(
8d
p
)(
hˆ(
log p
logX
) + hˆ(
− log p
logX
)
)
.
Note that fi(−x) = fi(x) implies that
π2
4X
∑
d∈D(X)
∑
j1,...,jn
∗
f(Lγ
(j1)
8d , Lγ
(j2)
8d , . . . , Lγ
(jn)
8d )(2.6)
=
2nπ2
4X
∑
d∈D(X)
∑
j1,··· ,jn
positive
and
distint
f˜8d(j1, . . . , jn),
where
f˜8d(j1, . . . , jn) =
n∏
i=1
fi(Lγ
(ji)
8d ).
The sum in (2.6) is over distint indies j1, . . . , jn. In order to apply Lemma 2.3 to (2.6), we would
prefer to have a sum over all indies. To remove the distintive ondition, we use a ombinatorial
sieving as in [20, p. 305℄. We begin with some set-theoreti ombinatoris. A set partition F of
N = {1, . . . , n} is a deomposition of N into disjoint subsets {F1, . . . , Fν(F )}. The olletion Πn of
all set partitions of N forms a lattie with the partial ordering given by F  G if every subset Gi
of G is a union of subsets of F . The minimal element of Πn is O = {{1}, {2}, . . . , {n}} and the
maximal element is N = {1, 2, . . . , n}.
The Möbius funtion of a poset suh as Πn is the unique funtion µ(x, y) so that for any funtions
g, h : Πn → R, satisfying
g(x) =
∑
xy
h(y),
we have
h(x) =
∑
xy
µ(x, y)g(y).
In the ase of Πn, the Möbius funtion an be omputed expliitly [12, 25℄, in partiular
µ(O,F ) =
ν(F )∏
j=1
(−1)|Fj |−1(|Fj | − 1)!.
Given a set partition F = {F1, . . . , Fν(F )} ∈ Πn, we have an embedding lF : Rν → Rn,
lF (x1, . . . , xν(F )) = (y1, . . . , yn) with yi = xj if i ∈ F j . For example, for n = 3, the possible F 's
are {{1, 2, 3}}, {{1, 2}, {3}}, {{1, 3}, {2}}, {{1}, {2, 3}}, {{1}, {2}, {3}} and l{{1},{2,3}}(x1, x2) =
(x1, x2, x2).
We now dene
RF (f) =
∑
j1,...,jn
positive
and
distint
f˜8d(lF (j1, . . . , jν(F ))),
CF (f) =
∑
j1,...,jn
positive
f˜8d(lF (j1, . . . , jν(F ))).
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Note that the inner sum on the right-hand side of (2.6) is just RO(f) and observe that for any
G ∈ Πn,
CG(f) =
∑
GF
RF (f).
This is merely partitioning the unrestrited sum for CG as a sum over the various possibilities for
oinidenes between the indies. Thus we an use Möbius inversion to express RO(f) in terms of
the sums CF (f):
RO(f) =
∑
F
µ(O,F )CF (f),
so that the right-hand side of (2.6) an be expressed as
2nπ2
4X
∑
d∈D(X)
∑
F
(−1)n−ν(F )

ν(F )∏
l=1
(|Fl| − 1)!

 ∑
j1,··· ,jn
positive
f˜8d
(
lF (j1, . . . , jν(F ))
)
,
where F ranges over all ways of deomposing {1, . . . , n} into disjoint subsets {F1, . . . , Fν(F )}. By
(2.1) and beause we are assuming that the fi's are even, we an reast the inner sum above as going
over all the γ
(j)
8d 's ( instead of j > 0) with the presene of a fator 1/2
ν(F )
. Thus, (2.6) beomes
(2.7)
2nπ2
4X
∑
d∈D(X)
∑
F
(−1)n−ν(F )
2ν(F )
ν(F )∏
l=1

(|Fl| − 1)!∑
γ8d
∏
i∈Fl
fi(Lγ8d)

 .
We write
Fl(x) =
∏
i∈Fl
fi(x),
so that we an express (2.7) as
2nπ2
4X
∑
d∈D(X)
∑
F
(−1)n−ν(F )
2ν(F )
ν(F )∏
l=1
(
(|Fl| − 1)!
∑
γ8d
Fl(Lγ8d)
)
.
By the expliit formula (2.5), we now arrive at the following (note that
∏ν(F )
l=1 Fˆl(ul) is supported
in
∑ν(F )
l=1 |ul| < 2, see Lemma 3.6 below):
Proposition 2.1. Assume eah fi in (2.2) is even and in S(R) and fˆ is supported in
∑n
i=1 |ui| < 2,
then
π2
4X
∑
d∈D(X)
∑
j1,...,jn
∗
f(Lγ
(j1)
8d , Lγ
(j2)
8d , . . . , Lγ
(jn)
8d )(2.8)
=
π2
4X
∑
d∈D(X)
∑
F
(−2)n−ν(F )
ν(F )∏
l=1
(|Fl| − 1)!
(
Cl +Dl +O
( log logX
logX
))
,
where (note that Fˆl(x) is even sine eah fi is even),
Cl =
∫
R
Fl(x)dx,
Dl = −1
2
∫
R
Fˆl(u)du− 2
logX
∑
p
log p√
p
(
8d
p
)
Fˆl(
log p
logX
).
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For the moment, we onsider the expression in (2.8) without the term O( log logXlogX ). When we
expand the produt over l, we obtain 2ν(F ) terms, eah a produt of Cl's and Dl's. A typial term
an be written as ∏
l∈Sc
Cl
∏
l∈S
Dl
for some subset S of {1, 2, . . . , ν(F )}. (Empty produts are taken to be 1.) The produt of the Cl's
ontributes a fator of ∏
l∈Sc
∫
R
Fl(x)dx.
In order to evaluate the ontribution of the produt of the Dl's, we rst fous on nding the
asymptoti expression of (with n ≥ 1)
S(X,Y ;
n∏
i=1
gˆi) :=
∑
X≤d≤2X
(d,2)=1
µ2(d)
∑
Qn
i=1 pi≤Y
(
n∏
i=1
log pi√
pi
(
8d
pi
)
gˆi(
log pi
logX
)
)
,
where gˆi(ui)'s are smooth and supported on
∑n
i=1 |ui| < 2 − ǫ with ǫ to be speied later. To
emphasis this ondition, here and throughout we shall set Y = X2−ǫ and write the ondition∏n
i=1 pi ≤ Y expliitly. In plae of S(X,Y ;
∏n
i=1 gˆi) it is tehnially easier to onsider the smoothed
sum
S(X,Y ;
n∏
i=1
gˆi,Φ) :=
∑
(d,2)=1
µ2(d)
∑
Qn
i=1 pi≤Y
(
n∏
i=1
log pi√
pi
(
8d
pi
)
gˆi(
log pi
logX
)
)
Φ(
d
X
),
where Φ is a smooth funtion supported on (1, 2), satisfying Φ(t) = 1 for t ∈ (1 + 1/U, 2 − 1/U),
and suh that Φ(j)(t)≪j U j for all integers j ≥ 0.
Let Z > 1 be a real parameter to be hosen later and write µ2(d) = MZ(d) +RZ(d) where
MZ(d) =
∑
l2|d
l≤Z
µ(l), RZ(d) =
∑
l2|d
l>Z
µ(l).
Dene
SM (X,Y ;
n∏
i=1
gˆi,Φ) =
∑
(d,2)=1
MZ(d)
∑
Qn
i=1 pi≤Y
(
n∏
i=1
log pi√
pi
(
8d
pi
)
gˆi(
log pi
logX
)
)
Φ(
d
X
),
SR(X,Y ;
n∏
i=1
gˆi,Φ) =
∑
(d,2)=1
RZ(d)
∑
Qn
i=1 pi≤Y
(
n∏
i=1
log pi√
pi
(
8d
pi
)
gˆi(
log pi
logX
)
)
Φ(
d
X
),
so that S(X,Y ;
∏n
i=1 gˆi,Φ) = SM (X,Y ;
∏n
i=1 gˆi,Φ) + SR(X,Y ;
∏n
i=1 gˆi,Φ).
Using standard tehniques, we an show that by hoosing U and Z properly, both the terms
SR(X,Y ;
∏n
i=1 gˆi,Φ) and |S(X,Y ;
∏n
i=1 gˆi) − S(X,Y ;
∏n
i=1 gˆi,Φ)| are small. Hene the main term
arises only from SM (X,Y ;
∏n
i=1 gˆi,Φ). We write it as
SM(X,Y ;
n∏
i=1
gˆi,Φ)(2.9)
=
∑
Qn
i=1 pi≤Y
(
k∏
i=1
log pi√
pi
(
8
pi
)
gˆi(
log pi
logX
)
) ∑
(d,2)=1
MZ(d)
(
d∏n
i=1 pi
)
Φ(
d
X
)

 .
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From the above one an see that the problem of obtaining an asymptoti expression of the term
SM (X,Y ;
∏n
i=1 gˆi,Φ) is redued to an evaluation of ertain harater sums, speially,∑
(d,2)=1
MZ(d)
(
d∏n
i=1 pi
)
Φ(
d
X
).
To help understanding the situation, we onsider a simple ase, Z = 1 here and we also replae∏n
i=1 pi with P in the above sum, with no onstraint on the value of P . Hene we are lead to
onsider the smoothed harater sum
(2.10)
∑
(d,2)=1
(
8d
P
)
Φ(
d
X
).
We ertainly expet the above sum is large when P = ✷, in whih ase the harater
(
·
P
)
is
prinipal.
When P 6= ✷, we note that the length of our harater sum is of size X and when P ≤ X, we
are dealing with a long harater sum and therefore we expet substantial anellations. This is
exatly what was arried out in Rubinstein's work [19℄.
When P 6= ✷ and X < P , we are dealing with a short harater sum. Our idea then is to apply
the Poisson summation formula (see Lemma 3.3 below) to onvert (2.10) to another sum:
∑
(d,2)=1
(
8d
P
)
Φ(
d
X
) =
X
2P
(
16
P
)∑
m
(−1)mGm(P )Φ˜(mX
2P
),
with the denition of Gm and Φ˜ given in Lemma 3.2 and (3.3), respetively. Here Φ˜(x) an be
thought as being supported in |x| < 1 and Gm(P ) an be treated as a harater. Hene we have
onverted (2.10) to another harater sum with length of size P/X and we expet to obtain a better
estimation this way as long as P/X < X or P < X2, whih is exatly why we an have
∑n
i=1 |ui| < 2
in Theorem 2.1.
3. The Proof of Theorem 2.1
3.1. The Term SR. We reall here in Chapter 2 we have dened
SR(X,Y ;
n∏
i=1
gˆi,Φ) =
∑
(d,2)=1
RZ(d)
∑
Qn
i=1 pi≤Y
(
n∏
i=1
log pi√
pi
(
8d
pi
)
gˆi(
log pi
logX
)
)
Φ(
d
X
).
We will show in this setion that this is negligible. As a preparation, we rst seek a bound for
E(U ;χ,
n∏
i=1
gˆi) =
∑
Qn
i=1 pi≤U
(
n∏
i=1
log pi√
pi
χ(pi)gˆi(
log pi
logX
)
)
,
for any non-prinipal quadrati harater χ with modulus q and U ≤ X2. We have the following
Proposition 3.1. Assume GRH. For any non-prinipal quadrati harater χ with modulus q and
U ≤ X2 and with ∏ni=1 gˆi smooth and supported in ∑ni=1 |ui| < 2,
E(U ;χ,
n∏
i=1
gˆi)≪ log2n+1(qX).
Proof. Both the estimation and the method we use for the proof are standard and we inlude a
proof here for ompleteness. We rst assume 2 ≤ U ≤ X2 and note the following disontinuous
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integral [1, 17℄:
1
2πi
∫
(c)
ys
s
ds =


0 if 0 < y < 1,
1
2 if y = 1,
1 if y > 1,
where c > 0 and that [1, 17℄ for y > 0, c > 0, T > 0,∫
(c)
ys
s
ds−
∫ c+iT
c−iT
ys
s
ds≪
{
ycmin(1, T−1| log y|−1) if y 6= 1,
cT−1 if y = 1.
Using the above, we an reast E(U ;χ,
∏n
i=1 gˆi) as
E(U ;χ,
n∏
i=1
gˆi)(3.1)
=
1
2πi
∫ c+iT
c−iT
n∏
i=1
(∑
p
log p
ps+1/2
χ(p)gˆi(
log p
logX
)
)
U s
ds
s
+O
(
(
c
T
+ 1)
n∏
i=1Qn
i=1 pi=U
log pi√
pi
)
+O

 ∑
Qn
i=1 pi≤X
2
(
n∏
i=1
log pi√
pi
)
(
U∏n
i=1 pi
)cmin(1, T−1| log U∏n
i=1 pi
|−1)

 .
For the rst error term above, we may assume U is an integer and we use log p/
√
p ≪ p−1/2+δ
for an arbitrarily small number δ so that the eah single produt is of size≪ U−1/2+δ and there are
at most (ω(U))n hoies for seleting the pi's. Here ω(m) denotes the number of distint primes
dividing m and it's well-known that for m ≥ 3,
ω(m)≪ logm
log logm
.
It follows from this that the error term is of size
≪ ( c
T
+ 1)U−1/2+δ .
Note that | log(U/∏ni=1 pi)| is bounded below for ∏ni=1 pi ≥ 54U or ∏ni=1 pi ≤ 34U and those∏n
i=1 pi in this range ontribute to the seond error term above
≪ U
cX logn−1X
T
.
For the terms
3
4U <
∏n
i=1 pi < U , we note that
log
U∏n
i=1 pi
= − log(1− U −
∏n
i=1 pi
U
) ≥ U −
∏n
i=1 pi
U
.
Hene these terms ontribute(
max
3U/4≤m≤U
ω(m)
)n
(
4
3
)c
U
T
U/4∑
i=1
1
i
≪ (4
3
)c
U logn+1 U
T
.
Similarly, the terms U <
∏n
i=1 pi <
5
4U ontribute
≪ U log
n+1 U
T
.
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It remains to treat the integral on the right-hand side of (3.1). We rst look at the ase when χ
is primitive. Note for any xed |t| ≤ T , V ≥ 2,∑
p≤V
log p
pit
χ(p) =
∑
m≤V
Λ(m)
mit
χ(m) +O(V 1/2 log V ).
Now write for c1 = 1 + 1/ log V ,∑
m≤V
Λ(m)
mit
χ(m) =
1
2πi
∫
(c1)
∞∑
m=1
Λ(m)
ms+it
χ(m)V s
ds
s
+O(log V )
=
1
2πi
∫
(c1)
−L
′(s+ it, χ)
L(s+ it, χ)
V s
ds
s
+O(log V ).
Similar as in [1, 19℄ and assume GRH, we have for T1 > |t|+ 2,
1
2πi
∫
(c1)
−L
′(s + it, χ)
L(s+ it, χ)
V s
ds
s
=
1
2πi
∫ c1+iT1
c1−iT1
−L
′(s + it, χ)
L(s+ it, χ)
V s
ds
s
+O(
V log2 V
T1
+ log V )
= −
∑
|γ−t|<T1
V ρ−it
ρ− it +O(
V log2(q(T1 − |t|))
(T1 − |t|) log V +
V log2 V
T1
+ log V + log2 q)
where ρ = 1/2 + iγ denotes a non-trivial zero of the L-funtion. Let N(T, χ) denote the number of
zeros of L(s, χ) in the retangle 0 < σ < 1, |t| < T . By [1, 16℄, N(T + 1, χ) −N(T, χ) ≪ log(qT )
so that ∑
|γ−t|<T1
V ρ−it
ρ− it ≪ V
1/2 log (q (T1 + |t|))
∑
i≤2T1
1
i
≤ V 1/2 log2 (q (T1 + |t|)) .
For our appliation here, we will take V ≤ T = X2. Hene upon taking T1 = X4, we obtain∑
p≤V
log p
pit
χ(p)≪ V 1/2 log2(qX).
The above holds also for 1 ≤ V < 2, hene by partial summation, for χ primitive, c = 1/ logX, |t| ≤
T, 1 ≤ i ≤ n,
(3.2)
∑
pi
log pi
p
1/2+c+it
i
χ(p)gˆi(
log pi
logX
)≪ log2(qX).
Now for χ indued by χ1 with modulus q1|q, we have∑
pi
log pi
p
1/2+c+it
i
χ(p)gˆi(
log pi
logX
)−
∑
pi
log pi
p
1/2+c+it
i
χ1(p)gˆi(
log pi
logX
)
≪
∑
pi|q
log pi ≪ log q.
Hene (3.2) still holds in this ase and on setting c = 1/ logX,T = X2, we obtain for 2 ≤ U ≤ X2,
E(U ;χ,
n∏
i=1
gˆi)≪ log2n(qX)
∫ T
1
dt
t
+O(log2n(qX) logX)≪ log2n+1(qX).
Note that E(U ;χ,
∏n
i=1 gˆi) = 0 when 1 ≤ U < 2 and this ompletes the proof. 
As a onsequene of Proposition 3.1, we have
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Lemma 3.1. With the denition at the beginning of this setion,
SR(X,Y ;
n∏
i=1
gˆi,Φ)≪ X log
2n+1X
Z
.
Proof. On writing d = l2m, we obtain
SR(X,Y ;
n∏
i=1
gˆi,Φ) =
∑
l>Z
(l,2)=1
µ(l)
∑
(m,2)=1
Φ(
l2m
X
)E(Y ;χ8l2m,
n∏
i=1
gˆi)
≪
∑
l>Z
∑
X/l2≤m≤2X/l2
log2n+1(X)≪ X log
2n+1X
Z
.

3.2. The Term SM . As explained in Setion 2.1, we will evaluate SM (X,Y ;
∏n
i=1 gˆi,Φ) by applying
the Poisson summation formula to the sum over d in SM (X,Y ;
∏n
i=1 gˆi,Φ). For all odd integers k
and all integers m, we introdue the Gauss-type sums
τm(k) :=
∑
a (mod k)
(
a
k
)e(
am
k
) =: (
1 + i
2
+ (
−1
k
)
1− i
2
)Gm(k),
where e(x) := e2πix as dened before. We quote Lemma 2.3 of [22℄ whih determines Gm(k).
Lemma 3.2. If (k1, k2) = 1 then Gm(k1k2) = Gm(k1)Gm(k2). Suppose that p
a
is the largest power
of p dividing m (put a =∞ if m = 0). Then for b ≥ 1 we have
Gm(p
b) =


0 if b ≤ a is odd,
φ(pb) if b ≤ a is even,
−pa if b = a+ 1 is even,
(m/p
a
p )p
a√p if b = a+ 1 is odd,
0 if b ≥ a+ 2.
For F ∈ S(R) we dene
(3.3) F˜ (ξ) =
1 + i
2
Fˆ (ξ) +
1− i
2
Fˆ (−ξ) =
∫ ∞
−∞
(cos(2πξx) + sin(2πξx))F (x)dx.
We quote Lemma 2.6 of [22℄ whih determines the inner sum in (2.9).
Lemma 3.3. Let Φ be a non-negative, smooth funtion supported in (1, 2). For any odd integer k,∑
(d,2)=1
MZ(d)(
d
k
)Φ(
d
X
) =
X
2k
(
2
k
)
∑
α≤Z
(α,2k)=1
µ(α)
α2
∑
m
(−1)mGm(k)Φ˜( mX
2α2k
).
Now we an write SM (X,Y ;
∏n
i=1 gˆi,Φ) as
SM (X,Y ;
n∏
i=1
gˆi,Φ) =
X
2
∑
Qn
i=1 pi≤Y
(2,
Qn
i=1 pi)=1
(
n∏
i=1
log pi
p
3/2
i
gˆi(
log pi
logX
)
)
·
∑
α≤Z
(α,2
Qn
i=1 pi)=1
µ(α)
α2
∑
m
(−1)mGm(
n∏
i=1
pi)Φ˜(
mX
2α2
∏n
i=1 pi
).
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3.3. The First Main Term. We onsider the sum S0 in SM(X,Y ;
∏n
i=1 gˆi,Φ) orresponding to
the ontribution of m = 0. It follows diretly from the denition that G0(k) = ϕ(k) if k = ✷ and
G0(k) = 0 otherwise. Thus S0 = 0 when n is odd and for the even n's,
S0 =
XΦˆ(0)
2
∑
Qn
i=1 pi≤Y
(2,
Qn
i=1 pi)=1Qn
i=1 pi=✷
(
n∏
i=1
log pi
p
3/2
i
gˆi(
log pi
logX
)
)
φ(
n∏
i=1
pi)
∑
α≤Z
(α,2
Qn
i=1 pi)=1
µ(α)
α2
.
For a partition of the set {1, 2, . . . , n} into k subsets {Ii} with |Ii| = αi, we denote
hi(
log p
logX
) =
∏
j∈Ii
gˆj(
log p
logX
).
Using the above notation, we an express S0 as linear ombinations of the sums of the following
form
∑
Qk
i=1 p
αi
i ≤Y
(2,
Qk
i=1 pi)=1
pi 6=pj
2|αi
k∏
i=1
(log pi)
αi
p
3αi/2
i
hi(
log pi
logX
)φ(pαii )
∑
α≤Z
(α,2
Qk
i=1 pi)=1
µ(α)
α2
(3.4)
=
8
π2
∑
Qk
i=1 p
αi
i ≤Y
(2,
Qk
i=1 pi)=1
pi 6=pj
2|αi
k∏
i=1
(log pi)
αi
p
αi/2
i
hi(
log pi
logX
)(1 +
1
pi
)−1
(
1 +O(
1
Z
)
)
,
where we have used
∑
α≤Z
(α,m)=1
µ(α)
α2
=
1
ζ(2)
∏
p|m
(1− 1
p2
)−1
(
1 +O(
1
Z
)
)
.
If αi ≥ 4 for some i then the right-hand side expression in (3.4) is readily seen to be
≪ logn−4X.
Sine there are On(1) partitions of the set {1, . . . , n}, we an now write S0 as
S0 =
4XΦˆ(0)
π2
∑
(A;B)
Qn/2
i=1 p
2
i≤Y
pi 6=pj

n/2∏
i=1
log2 pi
pi
gˆai(
log pi
logX
)gˆbi(
log pi
logX
)(1 +
1
pi
)−1

(1 +O( 1
Z
)
)
,
where
∑
(A;B) is over all ways of pairing up the elements of {1, . . . , n}. By using similar arguments
as above, we see that removing the ondition pi 6= pj introdues an error term of size≪ X logn−1X,
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hene
S0 =
4XΦˆ(0)
π2
∑
(A;B)
Qn/2
i=1 p
2
i≤Y

n/2∏
i=1
log2 pi
pi
gˆai(
log pi
logX
)gˆbi(
log pi
logX
)(1 +
1
pi
)−1


(3.5)
·
(
1 +O(
1
Z
)
)
+O(X logn−1X)
=
4X lognXΦˆ(0)
π2
∑
(A;B)
n/2∏
i=1
∫ ∞
0
uigˆai(ui)gˆbi(ui)dui
+O(X logn−1X +
X lognX
Z
),
where the integral on the right-hand side of (3.5) omes from partial summation and Mertens'
formula [1, p. 57℄ ∑
p≤x
log p
p
= log x+O(1),
.
3.4. The Error Term. We now onsider the sums in SM(X,Y ;
∏n
i=1 gˆi,Φ) orresponding to the
ontribution of m 6= 0,✷. Using the notations in Setion 3.3, the sums in SM (X,Y ;
∏n
i=1 gˆi,Φ)
orresponding to the ontribution of m 6= 0,✷ are linear ombinations of the sums of the following
form
∑
Qk
i=1 p
αi
i ≤Y
(2,
Qk
i=1 pi)=1
pi 6=pj
k∏
i=1
(log pi)
αi
p
3αi/2
i
hi(
log pi
logX
)
·
∑
α≤Z
(α,2
Qk
i=1 pi)=1
µ(α)
α2
∑
m6=0,✷
(−1)mGm(pαii )Φ˜(
mX
2α2
∏k
i=1 p
αi
i
).
There are On(1) partitions of the set {1, . . . , n} and we now onsider the above sum for a xed
partition. Without loss of generality, we may assume there exists integers k1, k2 with 0 ≤ k2 ≤ k1 ≤
k suh that for k2 < i ≤ k, αi ≡ 1 (mod 2) and αi ≡ 0 (mod 2) for i ≤ k2; for k1 < i ≤ k, αi = 1
and for k2 < i ≤ k1, αi ≥ 3. By Lemma 3.2, eah m an be written as m =
∏k
i=k2+1
pαi−1i m
′
and
we take empty produt to be 1. Hene with a slightly hange of notation, the sum we are interested
in an be written as
R =
∑
α≤Z
(α,2)=1
µ(α)
α2
∑
Qk
i=1 p
αi
i ≤Y
(2α,
Qk
i=1 pi)=1
pi 6=pj
k2∏
i=1
(log pi)
αi
p
3αi/2
i
hi(
log pi
logX
)
·
k1∏
i=k2+1
(log pi)
αi
p
(αi+1)/2
i
hi(
log pi
logX
)
k∏
i=k1+1
(
log pi
pi
)hi(
log pi
logX
)
·
∑
m6=0,✷
(−1)mΦ˜( mX
2α2
∏k2
i=1 p
αi
i
∏k
i=k2+1
pi
)
(
m∏k
k2+1
pi
)( k2∏
i=1
Gm(p
αi
i )
)
.
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For any non-prinipal quadrati harater χ with modulus q and for
∏n
i=1 gˆi smooth with support
in
∑n
i=1 |ui| < 2, we write for U ≤ X2,
D(U ;χ,
m∏
i=1
gˆi) =
∑
Qm
i=1 pi≤U
pi 6=pj
(
m∏
i=1
log pi√
pi
χ(pi)gˆi(
log pi
logX
)
)
,
and similar to our treatment of E(U ;χ,
∏n
i=1 gˆi) in Setion 3.1, one has
(3.6) D(U ;χ,
m∏
i=1
gˆi)≪ log2m+1(qX).
Note that (
4α2(
∏k1
i=1 pi)
2
∏k
i=k1+1
pi
)
=
{
0 if (2α
∏k1
i=k1 pi,
∏k
i=k1+1
pi) > 1,
1 if (2α
∏k1
i=1 pi,
∏k
i=k1+1
pi) = 1.
so that we an express the ondition (2α
∏k1
i=1 pi,
∏k
i=k1+1
pi) = 1 by using the the harater
χ
4α2(
Qk1
i=1 pi)
2
. As χ
4α2(
Qk1
i=1 pi)
2m
is a non-prinipal quadrati harater and note that
∏k
i=1 h(ui) is
supported in
∑k
i=1 |ui| < 2 (see Lemma 3.6 below), we obtain by using (3.6) and partial summation,
that
∑
Qk
i=k1+1
pi≤Y/
Qk1
i=1 p
αi
i
(2α
Qk1
i=1 pi,
Qk
i=k1+1
pi)=1
pi 6=pj

 k∏
i=k1+1
(
log pi
pi
)hi(
log pi
logX
)


·Φ˜( mX
2α2
∏k2
i=1 p
αi
i
∏k
i=k2+1
pi
)
(
m∏k
k1+1
pi
)
=
∫ Y/Qk1i=1 pαii
1
1√
V
Φ˜(
mX
2α2
∏k2
i=1 p
αi
i
∏k1
i=k2+1
piV
)dD(V ;χ
4α2(
Qk1
i=1 pi)
2m
,
k∏
i=k1+1
hi)
≪ log2n+1(X) log2n+1(|m|+ 2)
(√∏k1
i=1 p
αi
i√
Y
∣∣∣∣∣Φ˜
(
m
∏k1
i=k2+1
pαi−1i X
2α2Y
)∣∣∣∣∣
+
∫ Y/Qk1i=1 pαii
1
1
V 3/2
∣∣∣∣∣Φ˜
(
mX
2α2
∏k2
i=1 p
αi
i
∏k1
i=k2+1
piV
)∣∣∣∣∣ dV
+
∫ Y/Qk1i=1 pαii
1
X
α2(
∏k2
i=1 p
αi
i
∏k1
i=k2+1
pi)V 5/2
·
∣∣∣∣∣mΦ˜′
(
mX
2α2
∏k2
i=1 p
αi
i
∏k1
i=k2+1
piV
)∣∣∣∣∣ dV
)
.
Hene we have
R≪
∑
α≤Z
log2n+1(X)
α2
(R1 +R2 +R3),
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where
R1 =
1√
Y
∑
Qk1
i=1 p
αi
i ≤Y
k2∏
i=1
(log pi)
αi
pαii
k1∏
i=k2+1
(log pi)
αi
p
1/2
i
·
∑
m6=0,✷
log2n+1(|m|+ 2)
∣∣∣∣∣Φ˜
(
m
∏k1
i=k2+1
pαi−1i X
2α2Y
)∣∣∣∣∣
( k2∏
i=1
|Gm(pαii )|
)
,
R2 =
∫ Y
1
1
V 3/2
∑
Qk1
i=1 p
αi
i ≤Y
k2∏
i=1
(log pi)
αi
p
3αi/2
i
k1∏
i=k2+1
(log pi)
αi
p
(αi+1)/2
i
·
∑
m6=0,✷
log2n+1(|m|+ 2)
∣∣∣∣∣Φ˜
(
mX
2α2
∏k2
i=1 p
αi
i
∏k1
i=k2+1
piV
)∣∣∣∣∣
( k2∏
i=1
|Gm(pαii )|
)
dV
R3 =
∫ Y
1
X
α2V 5/2
∑
Qk1
i=1 p
αi
i ≤Y
k2∏
i=1
(log pi)
αi
p
5αi/2
i
k1∏
i=k2+1
(log pi)
αi
p
(αi+3)/2
i
·
∑
m6=0,✷
log2n+1(|m|+ 2)
∣∣∣∣∣mΦ˜′
(
mX
2α2
∏k2
i=1 p
αi
i
∏k1
i=k2+1
piV
)∣∣∣∣∣
( k2∏
i=1
|Gm(pαii )|
)
dV.
Now we need a lemma
Lemma 3.4. For N > 0,M ≥ 2,
∑
m6=0,✷
log2n+1(|m|M)
∣∣∣∣Φ˜(mMN )
∣∣∣∣ ≪ (log2n+1M(N + 2))UNM ,(3.7)
∑
m6=0,✷
log2n+1(|m|M)
∣∣∣∣mMΦ˜′(mMN )
∣∣∣∣ ≪ (log2n+1M(N + 2))U2N2M .(3.8)
Proof. Observe for |ξ| < 1,
Φ˜(ξ) =
∫ 2
1
(
cos (2πξx) + sin(2πξx)
)
dx+O(
1
U
)≪ 1 +O( 1
U
),
and similarly for any i ≥ 0,
(3.9) Φ˜(i)(ξ)≪ 1, |ξ| < 1.
Also note via integration by parts,
Φ˜(ξ) =
−1
2πξ
(∫ 1+1/U
1
+
∫ 2−1/U
2
)
Φ˜′(ξ)
(
sin(2πξx) − cos(2πξx)
)
dx≪ 1|ξ| .
Similarly, one an show for any i ≥ 0, j ≥ 1,
(3.10) Φ˜(i)(ξ)≪ U
j−1
|ξ|j .
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Now using (3.9) with i = 0 and (3.10) with i = 0, j = 2 we obtain∑
m6=0,✷
log2n+1(|m|M)
∣∣∣∣Φ˜(mMN )
∣∣∣∣
≪
∑
0<|mM |≤N
(
log2n+1M + log2n+1(N + 2)
)
+
∑
|mM |>N
(
log2n+1M + log2n+1(|m|+ 2)
) UN2
m2M2
≪
(
log2n+1M + log2n+1(N + 2)
)UN
M
,
and this proves (3.7). Similarly, using (3.9) with i = 0 and (3.10) with i = 1, j = 3 we obtain∑
m6=0,✷
log2n+1(|m|M)
∣∣∣∣mMΦ˜′(mMN )
∣∣∣∣
≪
∑
0<|mM |≤N
(
log2n+1M + log2n+1(N + 2)
)
|mM |
+
∑
|mM |>N
(
log2n+1M + log2n+1(|m|+ 2)
) U2N3
m2M2
≪
(
log2n+1M + log2n+1(N + 2)
)U2N2
M
,
whih yields the estimation in (3.8). 
By Lemma 3.2 again, we an further divide the set {1, . . . , k2} into the union of two subsets I, J
suh that eah m an be written as
∏
i∈I p
αi
i
∏
i∈J p
αi−1
i m
′
. There are On(1) suh partitions and
without loss of generality, we now onsider the ase m =
∏k3
i=1 p
αi
i
∏k2
i=k3+1
pαi−1i m
′
, for some integer
0 ≤ k3 ≤ k2 with (m′,
∏k2
i=k3+1
pi) = 1 and here we take empty produt to be 1. We now bound
Gm(p
αi
i ) ≪ pαii for 1 ≤ i ≤ k3 and Gm(pαii ) ≪ pαi−1i for k3 + 1 ≤ i ≤ k2 by Lemma 3.2 and apply
(3.7) with M =
∏k3
i=1 p
αi
i
∏k2
i=k3+1
pαi−1i and N = 2α
2Y/(
∏k1
i=k2+1
pαi−1i X) to bound the sum over
those m's in R1 as
≪ Uα
2Y log2n+1X∏k3
i=1 p
αi
i
∏k1
i=k3+1
pαi−1i X
.
Further note that αi ≥ 2 for 1 ≤ i ≤ k1, hene we dedue that
R1 ≪ Uα
2
√
Y log2n+1X
X
.
Similarly, by using the bound Gm(p
αi
i ) ≪ pαii for 1 ≤ i ≤ k3 and Gm(pαii )≪ pαi−1i for k3 + 1 ≤
i ≤ k2 and apply (3.7) with M =
∏k3
i=1 p
αi
i
∏k2
i=k3+1
pαi−1i and N = 2α
2
∏k2
i=1 p
αi
i
∏k1
i=k2+1
piV/X,
we an bound the sum over those m's in R2 as
≪ Uα
2V (
∏k1
i=k3+1
pi) log
2n+1X
X
.
From this and that αi ≥ 3 for k2 + 1 ≤ i ≤ k1, we dedue that
R2 ≪ Uα
2
√
Y log3n+1X
X
.
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Lastly, we bound the sum over thosem's inR3 by applying (3.8) withM =
∏k3
i=1 p
αi
i
∏k2
i=k3+1
pαi−1i
and N = 2α2
∏k2
i=1 p
αi
i
∏k1
i=k2+1
piV/X to be
≪ U
2α4(
∏k2
i=1 p
αi
i
∏k1
i=k2+1
pi)(
∏k1
i=k3+1
pi)V
2 log2n+1X
X2
,
whih yields
R3 ≪ U
2α2
√
Y log3n+1X
X
.
Combining the estimations above, we obtain
R≪ U
2Z
√
Y log5n+2X
X
.
3.5. The Seond Main Term. Using the notations in Setion 3.3, the sums orresponding to the
ontribution of m = ✷ in SM (X,Y ;
∏n
i=1 gˆi,Φ) are linear ombinations of the sums of the following
form:
∑
Qk
i=1 p
αi
i ≤Y
(2,
Qk
i=1 pi)=1
pi 6=pj
k∏
i=1
(log pi)
αi
p
3αi/2
i
hi(
log pi
logX
)
·
∑
α≤Z
(α,2
Qk
i=1 pi)=1
µ(α)
α2
∞∑
m=1
(−1)mGm(pαii )Φ˜
(
m2X
2α2
∏k
i=1 p
αi
i
)
.
Without loss of generality, we fous rst on the ase where there exists an integer k1 with
0 ≤ k1 ≤ k suh that for k1 < i ≤ k, αi ≡ 1 (mod 2) and αi ≡ 0 (mod 2) for i ≤ k1. By Lemma
3.2, eah m2 an be written as m2 =
∏k1
i=1 p
αi
i
∏k
i=k1+1
pαi−1i (m
′)2 and we take empty produt to
be 1. Thus the sum we are interested now beomes, by a slightly hange of notation,
∑
Qk
i=1 p
αi
i ≤Y
(2,
Qk
i=1 pi)=1
pi 6=pj
k1∏
i=1
(log pi)
αi
p
3αi/2
i
φ(pαii )hi(
log pi
logX
)
k∏
i=k1+1
(log pi)
αi
p
(αi+1)/2
i
hi(
log pi
logX
)(3.11)
·
∑
α≤Z
(α,2
Qk
i=1 pi)=1
µ(α)
α2
∞∑
m=1
(m,
Qk
k1+1
pi)=1
(−1)mΦ˜( m
2X
2α2
∏k
i=k1+1
pi
)
=
∑
Qk
i=1 p
αi
i ≤Y
(2,
Qk
i=1 pi)=1
pi 6=pj
k1∏
i=1
(log pi)
αi
p
3αi/2
i
φ(pαii )hi(
log pi
logX
)
k∏
i=k1+1
(log pi)
αi
p
(αi+1)/2
i
hi(
log pi
logX
)
·
∑
α≤Z
(α,2
Qk
i=1 pi)=1
µ(α)
α2
∑
d|
Qk
k1+1
pi
µ(d)
∞∑
m=1
(−1)mΦ˜( d
2m2X
2α2
∏k
i=k1+1
pi
),
where we have expressed the ondition (m,
∏k
k1+1
pi) = 1 as
∑
d|(m,
Qk
k1+1
pi)
µ(d). To treat the sum
over m above, we need the following lemma:
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Lemma 3.5. For y > 0,
∞∑
m=1
(−1)mΦ˜(m
2
y2
) = − Φˆ(0)
2
+O(
U
y
).
Proof. For y > 0, we write
∞∑
m=1
(−1)mΦ˜(m
2
y2
) =
1
2
∞∑
m=−∞
(−1)mΦ˜(m
2
y2
)− 1
2
Φˆ(0) =
S(y)− Φˆ(0)
2
.
Dene
F = Φ˜(x2),
then by Poisson summation,
S(y) =
∞∑
m=−∞
(−1)mF (m
y
) = 2
∞∑
m=−∞
F (
2m
y
)−
∞∑
m=−∞
F (
m
y
)
= 2
∞∑
ν=−∞
Fˆ (
yν
2
)
y
2
−
∞∑
ν=−∞
Fˆ (yν)y = y
∞∑
ν=−∞
(ν,2)=1
Fˆ (
yν
2
)
= y
∞∑
m=−∞
∫ ∞
−∞
Φ˜(x2)e
( − xy(2m+ 1)/2)dx
= 4y
∞∑
m=0
∫ ∞
0
Φ˜(x2) cos(πy(2m+ 1)x)dx
= 4y
∞∑
m=0
∫ ∞
0
Φ˜(x2)d
sin(πy(2m+ 1)x)
πy(2m+ 1)
= − 1
π
∞∑
m=0
1
2m+ 1
∫ ∞
0
2xΦ˜′(x2) sin((2m+ 1)πyx)dx
=
2
π2y
∞∑
m=0
1
(2m+ 1)2
∫ ∞
0
xΦ˜′(x2)d cos((2m+ 1)πyx)
=
−2
π2y
∫ ∞
0
(
Φ˜′(x2) + 2x2Φ˜′′(x2)
)( ∞∑
m=0
cos((2m+ 1)πyx)
(2m+ 1)2
)
dx
≪ 1
y
∫ ∞
0
(
|Φ˜′(x2)|+ |x2Φ˜′′(x2)|
)
dx≪ 1
y
(
∫ 1
0
1 +
∫ ∞
1
U
x2
)dx≪ U
y
.
The last step above follows from (3.9) and (3.10) with i = 1, 2, j = 2 and this ompletes the
proof. 
We now divide the set {k1 + 1, . . . , k} into the union of two subsets I, J and set d =
∏
i∈I pi.
Here we take empty produt to be 1. When
∏
j∈J pi ≤ X
∏
j∈I pi, we have
∞∑
m=1
|Φ˜(m
2X
∏
i∈I pi
2α2
∏
i∈J pi
)|
≪
∑
m2X
Q
i∈I pi<2α
2
Q
i∈J pi
1 +
∑
m2X
Q
i∈I pi≥2α
2
Q
i∈J pi
α2
∏
i∈J pi
m2X
∏
i∈I pi
≪ α
√∏
i∈J pi√
X
∏
i∈I pi
.
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Hene these terms ontribute to the right-hand side of (3.11) of order
≪ logZ logn−1X.
When
∏
j∈J pi > X
∏
j∈I pi, by our disussion above,
(3.12)
∞∑
m=1
(−1)mΦ˜(m
2X
∏
i∈I pi
2α2
∏
i∈J pi
) = − Φˆ(0)
2
+O(
U
√
X
∏
i∈I pi
α
√∏
i∈J pi
).
The error term above ontribute to the right-hand side of (3.11) of order
≪ U logn−1X.
It's also easy to see that if αi > 2 for i ≤ k1 or αi > 1 for k1 < i ≤ k then the rst term on the
right-hand side of (3.12) will ontribute to the right-hand side of (3.11) of order
≪ logn−1X.
Thus the main ontribution to the right-hand side of (3.11) omes from the ase αi = 2, i ≤ k1,
αi = 1, k1 < i ≤ k, whih orresponds to a partition of {1, . . . , n} into two subsets S, Sc with Sc
nonempty, |S| even and a way of pairing up the elements of S. Hene by partial summation, we
an write the sums in SM (X,Y ;
∏n
i=1 gˆi,Φ) orresponding to the ontribution of m = ✷ as
S✷ = −2X log
nXΦˆ(0)
π2
∑
S({1,...,n}
|S| even

∑
(A;B)
|S|/2∏
i=1
∫ ∞
0
uigˆai(ui)gˆbi(ui)dui


·
∑
I(Sc
(−1)|I|
∏
i∈I
∫ ∞
0
gˆi(ui)dui
∫
(R≥0)
Ic
P
i∈I ui≤
P
i∈Ic ui−1
∏
i∈Ic
gˆi(ui)dui
+O
(
X(U + logZ) logn−1X +
X lognX
Z
)
,
where
∑
(A;B) is over all ways of pairing up the elements of S and we note here removing the
ondition pi 6= pj on the right-hand side of (3.11) only introdues an error term of O(X logn−1X).
3.6. The Asymptoti Expression. Putting together what we obtain and note that Φˆ(0) = 1 +
O(1/U), we get
S(X,Y ;
n∏
i=1
gˆi,Φ)
=
4X lognX
π2
(
1 + (−1)n
2
) ∑
(A;B)
n/2∏
i=1
∫ ∞
0
uigˆai(ui)gˆbi(ui)dui
−2X log
nX
π2
∑
S({1,...,n}
|S| even

∑
(C;D)
|S|/2∏
i=1
∫ ∞
0
uigˆci(ui)gˆdi(ui)dui


·
∑
I(Sc
(−1)|I|
∏
i∈I
∫ ∞
0
gˆi(ui)dui
∫
(R≥0)
Ic
P
i∈I ui≤
P
i∈Ic ui−1
∏
i∈Ic
gˆi(ui)dui
+O
(
X(U + logZ) logn−1X +
X lognX
U
+
X log2n+1X
Z
)
+O(
U2Z
√
Y log5n+2X
X
),
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where
∑
(A;B) is over all ways of pairing up the elements of {1, . . . , n} and
∑
(C;D) is over all ways
of pairing up the elements of S.
We now apply similar argument to the new hoie Φ1(t) = 1− Φ(t) for 1 ≤ t ≤ 2 and Φ1(t) = 0
otherwise and by taking Y = X2−ǫ, ǫ = 10(n+1) log logXlogX , U = log logX,Z = log
n+2X to obtain
S(X,Y ;
n∏
i=1
gˆi)
=
4X lognX
π2
(
1 + (−1)n
2
) ∑
(A;B)
n/2∏
i=1
∫ ∞
0
uigˆai(ui)gˆbi(ui)dui
−2X log
nX
π2
∑
S({1,··· ,n}
|S| even

∑
(C;D)
|S|/2∏
i=1
∫ ∞
0
uigˆci(ui)gˆdi(ui)dui


·
∑
I(Sc
(−1)|I|
∏
i∈I
∫ ∞
0
gˆi(ui)dui
∫
(R≥0)
Ic
P
i∈I ui≤
P
i∈Ic ui−1
∏
i∈Ic
gˆi(ui)dui
+O
(
X(log logX)2 logn−1X +
X lognX
log logX
)
.
From the above we dedue easily that
lim
X→∞
π2
4X lognX
S(X,Y ;
n∏
i=1
gˆi)(3.13)
=
(
1 + (−1)n
2
) ∑
(A;B)
n/2∏
i=1
∫ ∞
0
uigˆai(ui)gˆbi(ui)dui
−1
2
∑
S({1,...,n}
|S| even

∑
(C;D)
|S|/2∏
i=1
∫ ∞
0
uigˆci(ui)gˆdi(ui)dui


·
∑
I(Sc
(−1)|I|
∏
i∈I
∫ ∞
0
gˆi(ui)dui
∫
(R≥0)
Ic
P
i∈I ui≤
P
i∈Ic ui−1
∏
i∈Ic
gˆi(ui)dui.
3.7. Conlusion. We ontinue the disussion from Setion 2.1 here. To onsider the ontribution
of the produt of the Dl's, we need the following lemma [19, Claim 1℄ :
Lemma 3.6. Suppose
∏n
i=1 fˆi(ui) is supported in
∑n
i=1 |ui| ≤ α. Then
∏k
j=1 Fˆlj (uj) is supported
in
∑k
j=1 |uj | ≤ α.
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Now by the above lemma and (3.13), the produt of the Dl's onsidered in the paragraph below
Proposition 2.1 ontributes a fator of
∑
S2⊆S

(−1
2
)|S
c
2
|
∏
l∈Sc
2
∫
R
Fˆl(u)du

 · (−2)|S2|
·


(
1 + (−1)|S2|
2
) ∑
(A;B)
|S2|/2∏
i=1
∫ ∞
0
uiFˆai(ui)Fˆbi(ui)dui
−1
2
∑
S3(S2
|S3| even

∑
(C;D)
|S3|/2∏
i=1
∫ ∞
0
uiFˆci(ui)Fˆdi(ui)dui


·
∑
I(Sc
3
(−1)|I|
∏
i∈I
∫ ∞
0
Fˆi(ui)dui
∫
(R≥0)
Ic
P
i∈I ui≤
P
i∈Ic ui−1
∏
i∈Ic
Fˆi(ui)dui

 .
Here
∑
(A;B) is over all ways of pairing up the elements of S2 and
∑
(C;D) is over all ways of pairing
up the elements of S3. From this we nd that (2.6) tends, as X → ∞, to the right-hand side of
(2.3).
To onlude the proof of Theorem 2.1, it is left to show that dropping the term O(log logX/ logX)
won't aet our disussion above, and this is given by the following lemma [19, Lemma 2℄ :
Lemma 3.7. Let al(d) =
∑
γ8d
Fl(Lγ
(j)
8d ), with Fl(x) =
∏
i∈Fl
fi(x), then
lim
X→∞
π2
4X
∑
d∈D(X)
ν(F )∏
l=1
al(d) = lim
X→∞
π2
4X
∑
d∈D(X)
ν(F )∏
l=1
(
al(d) +O
(
log logX/ logX
))
.
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